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Abstract
A topological spaceX is called strongly exactly n-resolvable ifX is n-resolvable and no nonempty
subset ofX is (n+1)-resolvable. We prove that, in ZFC, for every infinite cardinal α and every integer
n > 0, there exist card-homogeneous, strongly exactly n-resolvable Tychonoff spaces of dispersion
character α. This result answers affirmatively two questions of F. Eckertson (1997, Questions 2.7
and 4.5). Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
The topological spaces considered in this paper are nonempty spaces without isolated
points.
Hewitt [11] defined a topological space X = (X,T ) to be resolvable if there is a subset
D of X such that both D and X − D are T -dense in X. He also defined the dispersion
character of a space (X,T ) by
4(X)=min{|U |: ∅ 6=U ∈ T }.
A topological space X is called card-homogeneous if |U | = |X| for every nonempty open
subset U . Following Ceder [1] (see also [4] and [10]), a topological space X is called
α-resolvable for a cardinal α if there is a family of α-many disjoint dense subsets of
X; X is called exactly n-resolvable for n > 1 if X is n-resolvable but not (n + 1)-
resolvable; and, X is called strongly exactly n-resolvable, denoted by SEnR, if X is
1 E-mail: lfeng@dmail.dartnet.peachnet.edu or fengl@mail.dartnet.peachnet.edu.
0166-8641/00/$ – see front matter Ó 2000 Elsevier Science B.V. All rights reserved.
PII: S0166-8641(99)0 00 34 -6
32 L. Feng / Topology and its Applications 105 (2000) 31–36
n-resolvable and no nonempty subset of X is (n + 1)-resolvable. Exactly 1-resolvable
spaces and SE1R-space are commonly called irresolvable spaces and strongly irresolvable
spaces, respectively. Strongly irresolvable spaces (abbreviated as SI-spaces) are also called
hereditarily irresolvable spaces.
Using maximal Tychonoff topologies, Hewitt [11] showed that there are SI Tychonoff
spaces without isolated points. El’kin [9] showed that for every n > 1 there are exactly
n-resolvable Hausdorff spaces. This result was later improved by van Douwen [7] to
Tychonoff spaces. By Theorem 3.7 of [10], every exactly n-resolvable space has a
nonempty open SEnR subset. Thus, there exist SEnR Tychonoff spaces for every integer
n > 1. However, examples of irresolvable and SEnR-spaces with the open sets being
explicitly identified in concrete form have not yet been constructed (see [4] for a
more detailed discussion). Comfort and García-Ferreira [4] remarked that an irresolvable
topology need not be “almost discrete”; that is, its open sets need not be “small”. They
remarked that for every cardinal number α, there is an irresolvable Tychonoff spaceX such
that the 4(X) > α. Eckertson [8] showed that if α is a regular cardinal or α = log iα , then
there is an SI-space X with 4(X)= α. He also pointed out that if α = log iα , then there is
a card-homogeneous, exactly n-resolvable (n > 1) Tychonoff space X with 4(X) = α.
For the general case, Eckertson raised the following questions (Questions 2.7 and 4.5
of [8]).
Question 1. Is it true in ZFC that for every infinite cardinal α there is an SI-space of
dispersion character α?
Question 2. Is it true in ZFC that every infinite cardinal is the dispersion character of an
n-resolvable, but not (n+ 1)-resolvable Tychonoff space?
We answer affirmatively both questions in ZFC by proving the following theorem.
Theorem. For every cardinal α > ω and every integer n > 1, there exists an SEnR
Tychonoff space X of dispersion character α. Moreover, X is card-homogeneous.
2. Proof of the theorem
Let H be an Abelian group. Let H] denote the totally bounded group H with the
topology induced by Hom(H,T ), where T is the unit circle. H] will denote the Weil
completion of H]. For the definition of Weil completion, we refer the reader to [3].
Lemma 1. Let α > ω be an infinite cardinal and let H be an Abelian group with |H | = α.
Then
(1) H] is compact and H] is a dense subgroup of H];
(2) if S ⊂H] and |S|< α, then S is nowhere dense in H]; and
(3) the index [H] :H]] = 22α .
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Proof. (1) The statement follows from the definition of the Weil completion (see [3]).
(2) Fix S ⊂ H] with |S| < α. Let K = 〈S〉 be the subgroup generated by S. Then
|K| = |S| < α and K is closed in H] (see [6]). If K has nonempty interior, then K is
open in H]. Since H] is totally bounded, H] is card-homogeneous. Thus |K| = α, a
contradiction. Hence K is nowhere dense in H] and so is S.
(3) It is known that the weight of H] equals to the weight of H], which in turn is equal
to |Hom(H,T )| = 2α (see [5]). Since H] is compact, |H]| = 22α (see [2] and [3]). Since
|H]| = α, [H] :H]] = 22α . 2
Lemma 2. For every cardinal α > ω, there is a Tychonoff topological group G which
contains a dense subgroupH of size α satisfying the following:
(1) if S ⊂H and |S|< α, then S is nowhere dense in H ; and
(2) the index [G :H ] = 22α .
Proof. Lemma 1 shows the existence of a group and a dense subgroup satisfying
conditions (1) and (2), for every cardinal α > ω. 2
Lemma 3. Let {Ui}i∈I be a chain of topologies on the set X under the usual set-theoretic
inclusion ⊆. Let U be the topology on X with base ⋃i∈I Ui . Then, we have the following:
(1) If N ⊆ X is nowhere dense in (X,Ui ) for every i ∈ I , then N is nowhere dense in
(X,U).
(2) If D ⊆X is dense in (X,Ui ) for every i ∈ I , then D is dense in (X,U).
(3) If A,B ⊆ X and f : (A,Ui |A)→ (B,Ui |B) is continuous for every i ∈ I , then
f : (A,U |A)→ (B,U |B) is also continuous.
(4) If A,B ⊆ X and f : (A,Ui |A)→ (B,Ui |B) is a homeomorphism for every i ∈ I ,
then f : (A,U |A)→ (B,U |B) is also a homeomorphism.
Proof. (1) Suppose that NU contains a nonempty U ∈ U . There exists i ∈ I and a
nonempty V ∈ Ui such that V ⊆ U . Since NU ⊆ NUi , V ⊆ NUi . Thus N is not nowhere
dense in (X,Ui ), a contradiction.
(2) Let ∅ 6=U ∈ U . Then, there exist i ∈ I and ∅ 6= V ∈ Ui such that V ⊆U . Since D is
dense in (X,Ui ), V ∩D 6= ∅ and then U ∩D 6= ∅. Hence D is dense in (X,U).
(3) For a basic element U ∈ Ui ⊆ U , f−1(B ∩ U)= A ∩ f−1(U) is open in (A,Ui |A)
and hence it is open in (A,U |A).
(4) Apply (3) to both f and f−1. 2
Proof of the theorem. Case 1. n > 1. If α = ω, then let Y be a countable Tychonoff n-
resolvable but not (n+ 1)-resolvable space (the existence of such space is shown in [7]).
By Theorem 3.7 of [10], Y has a nonempty open SEnR subset X. Then, X is as required.
Now suppose α > ω. Let G and H be a group and a subgroup as in Lemma 2 and
let β = 22α . By Lemma 2(2), we can write G =⋃i<β giH , where g0 = e (identity) and
{giH : i < β} is a family of pairwise disjoint cosets. Clearly, the translation ti :H → giH
is a homeomorphism and each giH is dense in G.
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Let CR(G) denote the set of all completely regular Hausdorff topologies on G. Define
C = {T ∈ CR(G): (i) ti : (H,T |H)→ (giH,T |giH ) is a homeomorphism for each i < β ;
(ii) giH is dense in (G,T ) for each i < β ; and, (iii) if S ⊂ H and |S| < α, then S is
nowhere dense in (H,T |H)}. By Lemma 2, the topology on G lies in C and so C 6= ∅.
If A⊆ C is a chain under the usual set-theoretic inclusion ⊆, then U = 〈⋃A〉 ∈ CR(G).
We claim that U ∈ C . For any i < β , by Lemma 3(4), ti : (H,U |H)→ (giH,U |giH ) is a
homeomorphism. Thus, U satisfies (i). By Lemma 3(2), U satisfies (ii). Suppose S ⊂ H
and |S|< α. Since S is nowhere dense in (H,U ′|H) for every U ′ ∈A, by Lemma 3(1), S
is nowhere dense in (H,U |H). Thus, U satisfies (iii) and so U ∈ C . By Zorn’s lemma, C
has a maximal element τ .
We claim that (H, τ |H) is irresolvable and card-homogeneous. Suppose that we can
write H = Q1 ∪ Q2, where Q1 ∩ Q2 = ∅ and both Q1 and Q2 are dense in (H, τ |H).
Then giQ1 and giQ2 are pairwise disjoint dense subsets of giH for every i < β . Let
P1 =
⋃
i<β
giQ1 and P2 =
⋃
i<β
giQ2.
ThenG= P1∪P2, P1∩P2 = ∅ and P1 and P2 are dense inG. Define f :G→ R, f ≡ 0 on
P1 and f ≡ 1 on P2. Let τf be the topology generated by the base {W ∩ f−1(V ): W ∈ τ ,
V is open in R} = {W ∩ Pk: W ∈ τ, k = 1,2}. By Lemma 4.2 of [4], τf ∈ CR(G). We
shall prove that τf ∈ C . Let k ∈ {1,2} and i < β . For any basic open set W ∩ Pk ∩ giH of
(giH, τf |giH ),
t−1i (W ∩ Pk ∩ giH)= t−1i (W ∩ giH)∩ t−1i (giQk)= t−1i (W ∩ giH)∩Qk
= t−1i (W ∩ giH)∩ (H ∩Pk).
Since ti : (H, τ |H)→ (giH, τ |giH ) is continuous, t−1i (W ∩ giH) is open in (H, τ |H)
and so it is open in (H, τf |H ). By the definition, H ∩ Pk is open in (H, τf |H). Hence
t−1i (W ∩ giH) ∩ (H ∩ Pk) is open in (H, τf |H ) and ti : (H, τf |H)→ (giH, τf |giH ) is
continuous. A similar argument shows that t−1i is continuous. This shows that τf satisfies
(i). For any nonempty basic open set W ∩Pk ∈ τf ,
(W ∩Pk)∩ giH =W ∩ giQk.
The subset giQk is dense in (giH, τ |giH ) and giH is dense in (G, τ). Thus,W ∩giQk 6= ∅.
Hence giH is dense in (G, τf ) and so τf satisfies (ii). If S ⊆H is not nowhere dense in
(H, τf |H), then there exist a nonemptyW ∈ τ and k ∈ {1,2} such that ∅ 6=W ∩Pk ∩H ⊆
Sτf |H . Clearly,W ∩Pk∩H =W ∩Qk and Sτf |H ⊆ Sτ |H ⊆ Sτ . SinceQk is dense in (G, τ),
W ∩Qkτ =Wτ ⊆ Sτ . Hence ∅ 6=W ∩H ⊆ Sτ ∩H = Sτ |H . Thus, S is not nowhere dense
in (H, τ |H) and hence |S| = α. So τf satisfies (iii) and τf ∈ C . But, τ ⊆ τf and τ 6= τf ,
which contradicts the maximality of τ . Therefore, (H, τ |H) is irresolvable. It is clear that
(H, τ |H) is card-homogeneous and of dispersion character α.
Since for every i < β , giH is homeomorphic to H in (G, τ), giH is irresolvable.
Thus, (G, τ) is the union of β-many pairwise disjoint dense irresolvable subsets. For
each i < β , by the Hewitt Decomposition Theorem [10,11], there exists a nonempty open
Ui ∈ τ , such that Ui ∩ giH is SI. By the regularity of G, there exists Vi ∈ τ such that
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∅ 6= Vi ⊆ Viτ ⊆ Ui . Since the weight w(H) 6 2|H | = 2α < β , there exists a nonempty
V ∈ τ such that V ∩ H ⊆ Vik ∩H for β-many ik’s. For each such ik (k < β), it is clear
that V ⊆ V τ = V ∩Hτ ⊆ Vik ∩Hτ = Vik τ ⊆ Uik . Hence V ⊆
⋂
k<β Uik . Since each
(V ∩ gikH) is nonempty and SI, the subspace V ∩ (
⋃
k<β gikH ) =
⋃
k<β(V ∩ gikH) is
the union of β-many pairwise disjoint dense SI subsets. Let
X =
n⋃
k=1
(V ∩ gikH).
By Proposition 2.7 of [10], (X, τ |X) is SEnR. Since each gikH is a card-homogeneous
subspace of dispersion character α, so are V ∩ giH and X.
Case 2. n = 1. If α = ω, then let X be a countable Tychonoff space with maximal
Tychonoff topology without isolated points. By Theorem 26 of [11], X is SI. Clearly, X is
card-homogeneous and of dispersion character ω.
Suppose α > ω. Let X = V ∩ gi1H , where V and gi1H are as in case 1. Then (X, τ |X)
is as required. 2
3. Remark
The proof of the theorem implies that for every pair of cardinals κ and α with ω6 κ < α,
there exists a card-homogeneous Tychonoff space X of dispersion character α which
is the union of κ-many pairwise disjoint dense SI subsets (in fact, we may just let
X= V ∩ (⋃j<κ gij H )). We do not know if a space like this is α-resolvable or not.
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